Abstract Let p be a prime number with p ≡ 5 (mod 8). We construct a new infinite family of pairs of imaginary cyclic fields of degree (p− 1)/2 with both class numbers divisible by p. Let k 0 be the unique subfield of Q(ζ p ) of degree (p−1)/4 and
Introduction
Let N be a natural number. Some infinite families of pairs of quadratic fields like Q( √ D) and Q( √ mD) with class numbers divisible by N were given by Scholz [11] (N = 3), Komatsu [7, 8] (N = 3, arbitrary N ), and Iizuka, Konomi and Nakano [5] (N = 3, 5, 7). In the previous paper [3] , the authors constructed such an infinite family in the case N = 5 explicitly by using the Fibonacci numbers F n .
Let p be a prime number with p ≡ 5 (mod 8) and let ζ := ζ p be a primitive pth root of unity. Let δ be a generator of Gal(Q(ζ)/Q) and put δ 0 := δ (p−1)/4 . Moreover, we put ω 0 := ζ + ζ δ0 + ζ 
We use the following general linear recurrence sequences instead of Fibonacci numbers. By using the trace t of u p , define two sequences {F n }, {L n } by F 0 := 0, F 1 := 1, F n+2 := tF n+1 + F n (n ∈ Z), L 0 := 2, L 1 := t, L n+2 := tL n+1 + L n (n ∈ Z). When m and n are odd and n > 3, D m,n is negative since F −m = (−1) m+1 F m and L −m = (−1) m L m . In this paper, we first prove that if there exists a pair (m 0 , n 0 ) of integers and a prime number q satisfying certain congruence relations (Main Theorem 1 (i), (ii)), then the class numbers of both cyclic fields k 0 ( D m,n ) and k 0 ( pD m,n ) of degree (p − 1)/2 are divisible by p for any pairs (m, n) such that m ≡ m 0 (mod N q ), n ≡ n 0 (mod N q ) and n > 3. For the proof, we use the fundamental unit of k = Q( √ p), certain units which are roots of a parametric quartic polynomial, Kummer theory, Gauss sums and Jacobi sums. Note that the fields k 0 ( D m,n ) and k 0 ( pD m,n ) are both imaginary and their maximal real subfields are both k 0 = Q(ω 0 ). It is expected that the class number of k 0 is not divisible by p (Vandiver's conjecture). Moreover, there are some examples in which the class numbers of both k 0 ( D m,n ) and k 0 ( pD m,n ) are divisible by p, but that of neither Q( D m,n ) nor Q( pD m,n ) is divisible by p (see Remark 1 (1) in §2). Next, we show that there exists the pair (m 0 , n 0 ) if we assume that ERH holds. For the proof, we treat some curves on finite fields and use a consequence of Weil's theorem and a result of Lenstra [9] which is a generalization of Artin conjecture on primitive roots.
Main Theorems
Let p be a prime number with p ≡ 5 (mod 8) and {F n }, {L n } be the recurrence sequences defined in §1. For integers m, n and a prime number q ( = p), we put
f α (X) := X 4 − T X 3 + (N + 2)X 2 − T X + 1,
where N := N k/Q (α), T := Tr k/Q (α).
Main Theorem 1 We assume that there exist integers m 0 , n 0 with m 0 ≡ n 0 ≡ 1 (mod 2) and a prime number q such that (i) (L m0 F n0 − 2F m0 )b ≡ 0 (mod p 2 ), (ii) q ∤ 2bp and f α0,q (a) = 0 for some i ∈ {1, 2, 4} and a ∈ F q i \ F p q i , where α 0 := α(m 0 , n 0 ).
Then for any pairs
the class numbers of both imaginary cyclic fields k 0 ( D m,n ) and k 0 ( pD m,n ) of degree (p − 1)/2 are divisible by p. Moreover, the set of pairs
Remark 1 (1) Let p = 13. Then t = 3, b = 1, and (q, m 0 , n 0 ) = (53, 15, 55) satisfies the conditions (i), (ii) of Main Theorem 1, and hence the class numbers of both k 0 ( D m0,n0 ) and k 0 ( pD m0,n0 ) are divisible by p. In this case, the class numbers of Q( D m0,n0 ) and Q( pD m0,n0 ) are 7102491402551842304 = 2 9 · 7 · 1981721931515581 and 59331908185385308160 = 2 12 · 5 · 2897065829364517, respectively, and neither of them is divisible by p = 13, where
As for how to find (q, m 0 , n 0 ), see Example 1 (2) in §8. Remark 2 "ERH" means the extended Riemann hypothesis for k(ζ n , n √ u p ) with every square free integers n > 0.
The framework
Let p be a prime with p ≡ 5 (mod 8) and put
where
. Let L be the splitting field of f α (X) over Q. We can easily verify that T 2 − 4N > 0. Hence if
L has two quadratic subfields other than k. We denote them by K and
, respectively, whose restrictions to Q(ζ) are the generator δ of Gal(Q(ζ)/Q), and put τ 0 := τ
is the unique subfield of Q(ζ) of degree (p − 1)/4, where
In the following, we will construct an unramified cyclic extension of K 0 of degree p. (We can do the same argument when K 0 is replaced by
. Then we may assume that
. Since (p − 1)/4 is odd, we may assume
Here we may assume that
where ι is a primitive root modulo p.
We define an element
and a subset
Moreover, we define a subset M τ of L × by
Proof From a direct calculation, we have
and put β := p √ ε t(K0) . Then by Proposition 1, L(β)/K 0 is a cyclic extension of degree 4p. Let E be the unique subextension of L(β)/K 0 such that E/K 0 is a cyclic extension of degree p. (See Figure 2. ) Since ε is a unit, we see by Kummer theory that
E/K 0 is an unramified cyclic extension of degree p, and hence the class number of K 0 is divisible by p.
Hence we have
Since the ideal (ζ p − 1)
and hence,
4 , therefore, we have
Now we have ι 
Hence by
we get the assertion.
⊓ ⊔
In §6, we will show that α = α(m, n) with (m, n) ∈ N , which is defined in §2, satisfies conditions (A1), (A2) and (A3).
The fundamental unit of Q( √ p) and Lucas sequences
In this section, let p be a prime with p ≡ 1 (mod 4). Then the norm of the fundamental unit . By using the trace t of u p , we define two sequences {F n }, {L n } by (1.1). The sequences {F n } and {L n } are called the Lucas sequence and the companion Lucas sequence, respectively, associated to the characteristic polynomial P (X) = X 2 − tX − 1, which are known to satisfy the following properties:
where u p denotes the Galois conjugate of u p (see, for example, [10, Chap. 2, IV]).
Lemma 2 For any integer n ∈ Z, we have the following:
Proof (1) The assertion follows from (4.3) immediately.
(2) From (4.4), we get
and so
Proof For any integer n ≥ 4, we have
and hence
Therefore, we get
Assume that integers m, n satisfy m ≡ n (mod p 2 (p − 1)). Then we have
and 2 m ≡ 2 n , t m ≡ t n (mod p 2 ) since 2 and t are two invertible elements of Z/p 2 Z and the order of the cyclic group
, and the period of
Similarly, by using
and
for integers m, n satisfying m ≡ n (mod p(p − 1)), we see that the period of
The sign of B will be determined after the following lemma.
Lemma 4 Under the above notation, either p | At + 2B or p | At − 2B but not both holds.
Assume that both p | At + 2B and p | At − 2B hold. Then 4B is divisible by p, and so is B. This leads a contradiction. ⊓ ⊔ Determine the even integer B to satisfy conditions (4.5) and p | At + 2B.
Lemma 5 Under the above notation, we have
Proof We see
From this together with bp > 0, we obtain (4.7). ⊓ ⊔
Lemma 6
Under the above notation, we have
Proof As we have seen in the proof of Lemma 5, the equation
holds. Then we get the assertion. ⊓ ⊔ Definition 1 Define two real numbers x 0 , y 0 ∈ R by
Here, κ is equal to 1 or −1 which satisfies
Namely, y 0 and Bt − 2A are the same signs.
Lemma 7 Under the above notation (especially, we assume that
Proof Since
it is sufficient to show that x 
Proof By Lemma 2, we have
The proof is complete. ⊓ ⊔
Quadratic subfields
The aim of this section is to determine the quadratic subfields of L. Let the notations be as in §3.
For simplicity, we assume that the primitive root ι modulo p defined in (3.1) satisfies
Indeed, for any primitive roots ι modulo p, we have ι p−1 2 ≡ −1 (mod p), which implies that either t ≡ 2ι
(mod p) holds by using t 2 ≡ −4 (mod p). If t ≡ 2ι p−1 4 (mod p), then we replace ι by −ι which is also a primitive root modulo p.
We recall that the actions of τ and τ ′ on ε, ε −1 , η and η −1 are as follows:
Here we put
Then we can verify that τ, τ ′ :
Moreover we define the elements λ, µ ∈ L(ζ) by
Proof By (5.
3)
Moreover we see from p ≡ 5 (mod 8) that
be the Jacobi sum of χ −p . Then we can write On the other hand, let χ p be the character modulo p of order 2, namely, χ p (a) = ( a p ) for any a ∈ (Z/pZ) × . Noting that p ≡ 5 (mod 8) and χ 
and hence by (5.5),
Thus it follows from (5.5), (5.7) and (5.8) that
Lemma 10 The following hold:
and hence by (5.3), (5.4), (5.9) and (5.10),
(2) The assertion follows from a similar calculation to that of (1)
, it follows from (5.11) that
Then by (5.3), (5.4), (5.7) and (5.8), we have
From now on, let the situation be as in our main theorems. Namely, we define an element α ∈ k by
for m, n ∈ Z. Then we have the following lemma.
Lemma 11 Assume that both m and n are odd. Then we have
Hence by using T 2 − (L m F n − 2F m ) 2 b 2 p = 4N and (4.2), we have
Remark 4
From the proof of Lemma 11, we have
for odd integers m and n.
Proposition 2 For any odd integers m, n with n > 3, we have
where D m,n is defined as in §1.
Proof By (4.2), we have
Then we have
On the other hand, it follows from Lemma 11 that
Here we recall
as we have seen in §1. Then we have
From this together with (5.13) and Lemma 10 (1), (3), we have
By using Lemma 10 (2), (3), we obtain
similarly. Assume that n ≡ 1 (mod 4) (resp. n ≡ −1 (mod 4)). Then by Lemmas 7, 8 and (5.14) (resp. (5.15)), we have
On the other hand, we have D m,n ∈ Q because of D m,n < 0. Thus we get
Proof of Main Theorem 1
Let the notations be as in §2. Namely, we consider the polynomial f α (X) for α = α(m, n). Before the proof of Main Theorem 1, we show the following three lemmas.
Lemma 12 Assume that two odd integers
that is, (A3) holds.
Proof We get the assertion from Lemmas 1 and 11. ⊓ ⊔
Lemma 13 Let i, j be integers which are not divisible by
Proof Let k 1 be the subfield Q(ζ) of degree 4. We denote
and their product η 2j . Since gcd(2i, p) = gcd(2j, p) = 1, we conclude that both ε and η are pth powers in L.
Proof It is sufficient to show that ε t(K0) ∈ L p . Since
it holds from Lemma 13 that
Proof of Main Theorem 1 Let m 0 , n 0 be integers and q a prime number satisfying the conditions (i), (ii) in Main Theorem 1, and let
Since m 0 ≡ n 0 ≡ 1 (mod 2) and N q is even, both m and n are odd. It holds that
Thus we obtain α 2 − 4 > 0. From this together with Lemma 11, it follows that α satisfies (A1). Moreover, we see from Lemma 3 that
hence by Lemma 12, a root ε of f α (X) satisfies (A3). Next, let us prove that the condition (A2) holds. Let d be the discriminant of the characteristic polynomial
It is known ([10, pp.65-66]) that the periods of {F n } mod q and {L n } mod q divide q − 1 (resp. 2(q + 1)) if
. By the definition of N q , we have
and therefore f α,q (X) = f α0,q (X) (∈ F q [X]). By the assumption (ii) of Main Theorem 1, we have f α,q (a) = f α0,q (a) = 0 for some i ∈ {1, 2, 4} and a ∈ F q i \ F p q i . If p ∤ q i − 1, then we have F p q i = F q i and this is a contradiction because a ∈ F q i \F p q i . We get p | q i −1. Now, we assume that one of ε, ε −1 , η, η
Since f /i ∈ {2, 4} and p | q i − 1, this implies a ∈ F p q i and it is a contradiction. Thus none of ε, ε −1 , η, η −1 is contained in L. By Lemma 14, therefore, (A2) holds.
As for the infiniteness of the set
it is enough to prove that the set of pairs
is infinite. For an integer a, let s(a) denote the square free integer satisfying a = s(a)A 2 for some A ∈ N, and assume that the set
is finite. Then the set {s(D m0,n ) | n ≡ n 0 (mod N q ), n > 3} is finite. Since there are infinitely many integers n satisfying n ≡ n 0 (mod N q ) and n > 3, there exists an integer ℓ such that N ℓ := {n ∈ Z | n ≡ n 0 (mod N q ), n > 3, s(D m0,n ) = ℓ} is infinite. For any integer n ∈ N ℓ , let D m0,n = ℓA 
This implies that infinitely many pairs (A n , L n ) are integer solutions of the equation
m0 . The discriminant of the quartic polynomial on the right side is
by (4.2) and the assumption m 0 ≡ 1 (mod 2). Hence the equation has only finitely many integer solutions by Siegel's theorem. This is a contradiction, and the proof is complete. ⊓ ⊔
Proof of Main Theorem 2
In this section, we prove Main Theorem 2. Let q ( = 2) be a prime number and F q r be the finite field with the cardinality q r . We denote by g a generator of the cyclic group F × q r . Put
The set Y q does not depend on g because other generators are given by g s with (s, q r − 1) = 1. First, we show the following lemma.
Lemma 15 Let q ( = 2) be a prime number with q r > 45. Then we have
By the definition of Y q , we easily see that Y q = F q r if and only if
where m = 2u + 1 and n = 2v + 1, and we get
Since g is a generator of F We conclude that there is one-to-one correspondence between the sets S k and {(X, Z)
Since k = ±2, we have C k is a smooth (hyperelliptic) curve of genus 3 with the discriminant −2 12 g 42 (k − 2) 6 (k + 2) 6 . Let C k be the smooth projective curve by adding two infinite points. Since the leading coefficient g 5 of g(X) is not a square, these infinite points are not rational, and hence we get C k (F q r ) = C k (F q r ). By a consequence of Weil's theorem, we have
Thus we have {(X, Z) ∈ C −2 (F q r ) | XZ = 0} = ∅ if q r > 9. If q r ≡ 1 (mod 4), then we have gX 2 + 1 = 0 for any X ∈ F q r . By the same argument of (ii) in the case q r ≡ 1 (mod 4), we have
We conclude that S −2 = ∅ if q r > 9. By (i), (ii) and (iii), we conclude that Y q = F q r for any prime number q with q r > 45. ⊓ ⊔ Proposition 3 Assume that ERH holds. Then there exists odd integers m, n and a prime number q such that q ∤ 2bp, q 2 ≡ 1 (mod p) and f α,q (a) = 0 for some a ∈ F q f \ F p q f , where α := α(m, n) and
Proof We use a result proved by Lenstra [9, (4.8) 
, respectively, and put τ := [9, p.203] ). Let ℓ be a prime number, and assume
. By the definition of τ , the fixed field of τ coincides with
Since the field K(ω) is abelian extension over Q, L ℓ /Q is also abelian extension. This is a contradiction, because we have
is not a Galois extension for any prime number ℓ ≥ 3, and Q( √ u p )/Q is not a Galois extension since the Galois conjugate u p satisfies u p = −1/u p (see the beginning of §4) and −1/u p ∈ Q( √ u p ). We conclude that there is no prime number ℓ satisfying L ℓ ⊂ L and τ ∈ Gal( L/L ℓ ). By Lenstra's result ([9, (4.8)]), the set M is infinite. Choose q ∈ M which is unramified in L/k and satisfies q ∤ 2bp, q > 45 for the prime number q such that q | q. Since (q, Q(ζ p )/k) is the restriction of σ
Then we have f = 2r and the order of q in F × p is 2r (hence, q f = q 2r ≡ 1 (mod p), q 2 ≡ 1 (mod p) and q r ≡ 1 (mod p)). On the other hand, since u p u p = −1, for odd integers m, n, we have
, by Lemma 15, we get
From (7.1) and
it is enough to show
Therefore f α0,q (X) = f α,q (X) (∈ F q [X]) for α 0 := α(m 0 , n 0 ) and α := α(m, n). We know that m 0 , n 0 satisfy the condition (ii) for i = f . The proof is complete. ⊓ ⊔
Examples
Example 1 (1) Let p = 5. Then the fundamental unit of k is u p = (1 + √ 5)/2, and hence t = b = 1. So the sequences {F n } and {L n } are the same as the Fibonacci numbers {F n } and the Lucas numbers {L n }, respectively. Now we will verify that any pair of integers m 0 and n 0 in Table 1 and a prime number q = 11 satisfy the conditions (i), (ii) of the Main Theorem 1. Tables 2 and 3 . Next, both {F n0 } mod 11 and {L n0 } mod 11 are 10 periodic. Since F m0 ≡ 2 (mod 11), L m0 ≡ 7 (mod 11) for m 0 with m 0 ≡ 7 (mod 10) and F n0 ≡ L n0 ≡ 1 (mod 11) for n 0 with n 0 ≡ 1 (mod 10), we have f α0 (X) ≡ X 4 + 4X 3 + 3X 2 + 4X + 1 ≡ (X − 5)(X − 7)(X − 8)(X − 9) (mod 11), and a := 5, 7, 8, 9 mod 11 ∈ (F × 11 ) 5 = 2 5 = {±1}. Therefore, the condition (ii) holds for i = 1. (2) Let p = 13. Then the fundamental unit of k is u p = (3 + √ 13)/2. We will verify that any pair of integers m 0 and n 0 in Table 4 and a prime number q = 53 satisfy the conditions (i), (ii) of the Main Theorem 1. Example 2 Main Theorem 1 implies the previous theorem (Theorem 1 in  §1) . Indeed, for p = 5, we can check that any pairs (m 0 , n 0 ) ∈ {(1, 97), (1, 103) , (1, 197) , (1, 203 )} and q = 61 satisfy the conditions (i), (ii) as follows.
(i) Since m 0 = 1, we have F m0 = F 1 = 1 and L m0 = L 1 = 1. Furthermore, we have F n0 = F n0 ≡ 2 (mod 5
2 ) since n 0 ≡ ±3 (mod 100). Therefore, the condition (i) holds. Then we have {n ∈ Z | n ≡ 97, 103, 197, 203 (mod N q ), n > 3} = {n ∈ N | n ≡ ±3 (mod 100), n ≡ 0 (mod 3)} ⊃ {n ∈ N | n ≡ ±3 (mod 500), n ≡ 0 (mod 3)}, and hence we get the set of pairs which is given in Theorem 1.
